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IRUZDUG H[FKDQJH PDUNHW XQELDVHGQHVV=
WKH FDVH RI WKH DXVWUDOLDQ GROODU VLQFH
4<;74
Shwhu F1 E1 Skloolsv
Frzohv Irxqgdwlrq iru Uhvhdufk lq Hfrqrplfv
\doh Xqlyhuvlw|
dqg
Mdphv Z1 PfIduodqg
D1 E1 Iuhhpdq Vfkrro ri Exvlqhvv
Wxodqh Xqlyhuvlw|
Vxeplwwhg= Dxjxvw/ 4<<8
Uhylvhg= Mxqh/ 4<<9

4 Wklv

sdshu lv ghglfdwhg wr wkh phpru| ri rxu ghdu iulhqg dqg froohdjxh Sdwulfn PfPdkrq/
zlwk zkrp zh uvw ehjdq rxu zrun rq wklv wrslf1 Frpsxwdwlrqv dqg judsklfv uhsruwhg lq
wkh sdshu zhuh shuiruphg e| SFES lq surjudpv zulwwhq lq JDXVV1 Pdq| ri wkhvh surjudpv
duh dydlodeoh lq wkh vriwzduh sdfndjh FRLQW 513 ri Rxoldulv dqg Skloolsv +4<<6,1 Wkh uvw
dxwkru wkdqnv wkh QVI iru uhvhdufk vxssruw xqghu VHV <4055475 dqg VEU <755<55 dqg
Wxodqh Xqlyhuvlw| iru lwv krvslwdolw|1 Wkh dxwkruv erwk wkdqn Vdp Rxoldulv iru vxsso|lqj wkh
gdwd/ dqg Johqd Dphv iru dvvlvwdqfh lq nh|erduglqj wkh pdqxvfulsw1

Devwudfw
Wklv sdshu lpsohphqwv d urexvw vwdwlvwlfdo dssurdfk wr uhjuhvvlrq zlwk qrqvwdwlrq0
du| wlph vhulhv1 Wkh phwkrgv zhuh uhfhqwo| ghyhorshg lq rwkhu zrun/ dqg duh eulh |
h{srvlwhg khuh1 Wkh| doorz xv wr shuirup uhjuhvvlrqv lq ohyhov zlwk qrqvwdwlrqdu|
wlph vhulhv gdwd/ wkh| dffrpprgdwh gdwd glvwulexwlrqv zlwk khdy| wdlov dqg wkh|
shuplw vhuldo ghshqghqfh dqg whpsrudo khwhurjhqhlw| ri xqnqrzq irup lq wkh htxd0
wlrq huuruv1 Zlwk wkhvh ihdwxuhv wkh phwkrgv duh zhoo vxlwhg wr dssolfdwlrqv zlwk
iuhtxhqwo| vdpsohg h{fkdqjh udwh gdwd/ zklfk jhqhudoo| glvsod| doo ri wkhvh hpslulfdo
fkdudfwhulvwlfv1 Rxu dssolfdwlrq khuh lv wr gdlo| gdwd rq vsrw dqg iruzdug h{fkdqjh
udwhv ehwzhhq wkh Dxvwudoldq dqg XV grooduv ryhu wkh shulrg 4<;74<<4 iroorzlqj
wkh ghuhjxodwlrq ri wkh Dxvwudoldq iruhljq h{fkdqjh pdunhw1 Zh qg elj glhuhqfhv
ehwzhhq wkh urexvw dqg wkh qrq0urexvw uhjuhvvlrq rxwfrphv dqg lq wkh dvvrfldwhg
vwdwlvwlfdo whvwv ri wkh k|srwkhvlv wkdw wkh iruzdug udwh lv dq xqeldvhg suhglfwru ri
wkh ixwxuh vsrw udwh1 Wkh urexvw whvwv uhmhfw wkh xqeldvhgqhvv k|srwkhvlv exw vwloo
jlyh wkh iruzdug udwh dq lpsruwdqw uroh dv d suhglfwru ri wkh ixwxuh vsrw udwh1

4

LQWURGXFWLRQ

Wklv sdshu dssolhv vrph qhz hfrqrphwulf phwkrgrorj| wr whvw wkh k|srwkhvlv wkdw
iruzdug h{fkdqjh udwhv duh rswlpdo suhglfwruv ri ixwxuh vsrw udwhv1 Wkh iruzdug
pdunhw xqeldvhgqhvv k|srwkhvlv kdv ehhq wkh vxemhfw ri uhfhqw uhvhdufk wkdw pdnhv
xvh ri qrqvwdwlrqdu| wlph vhulhv phwkrgv1 Vrph ri wklv zrun kdv lqyroyhg gluhfw
qrqvwdwlrqdu| uhjuhvvlrq whfkqltxhv wr w hpslulfdo uhodwlrqvklsv ehwzhhq iruzdug
udwhv dqg ixwxuh vsrw udwhv1 Lq sduwlfxodu/ Fruedh/ Olp dqg Rxoldulv +4<<6,/ Prruh
+4<<5,/ dqg Skloolsv hw do1 +4<<9, kdyh hpsor|hg wkh SkloolsvKdqvhq +4<<3, ixoo|
prglhg hvwlpdwru dqg Sdun*v +4<<5, fdqrqlfdo frlqwhjudwlqj uhjuhvvlrq whfkqltxh
lq vxfk uhjuhvvlrqv1 Rwkhuv kdyh xvhg huuru fruuhfwlrq dqg uhgxfhg udqn uhjuhvvlrq
dssurdfkhv +vhh Kdnnlr dqg Uxvk/ 4<;<> dqg Edloolh dqg Eroohvohy/ 4<;<,1 Zkloh wkhvh
whfkqltxhv frsh zlwk qrqvwdwlrqdu| gdwd/ wkh| zhuh qrw ghvljqhg wr ghdo zlwk gdwd
wkdw glvsod| vwurqj rxwolhu dfwlylw| dv zhoo dv qrqvwdwlrqdulw|/ olnh h{fkdqjh udwhv1
Wkhuh lv jrrg uhdvrq wkhuhiruh wr txhvwlrq zkhwkhu wkh hpslulfdo uhvxowv iurp wkh
xvh ri vxfk whfkqltxhv duh vwdwlvwlfdoo| urexvw1 Wkh phwkrgv ri wklv sdshu surylgh dq
dyhqxh iru dgguhvvlqj wklv txhvwlrq dqg wkhuhe| vruwlqj rxw zklfk hhfwv pd| eh gxh
wr qrqvwdwlrqdulw| dqg zklfk wr rxwolhu ehkdylru1
Ohw v| eh wkh qdwxudo orjdulwkp ri wkh vsrw h{fkdqjh udwh +V| , ri d jlyhq fxuuhqf|
lq whupv ri wkh XV groodu dw wlph w/ dqg ohw i|c& eh wkh qdwxudo orjdulwkp ri wkh iruzdug
h{fkdqjh udwh +I|c& , ri wkh fxuuhqf| frqwudfwhg dw wlph w iru gholyhu| dw wlph w . n1
Iruzdug pdunhw xqeldvhgqhvv whvwv fdq eh edvhg gluhfwo| rq wkh uhjuhvvlrq prgho
v|n& @  . i|c& . x|n&

+4,

dqg wkh k|srwkhvlv lv frxfkhg lq wkh sdudphwulf irup
Kf =  @ 3 >  @ 4 =

+5,

Pxfk frqyhqwlrqdo hpslulfdo phwkrgrorj| lq wklv hog lv prwlydwhg e| dq dwwhpsw wr
dyrlg zrunlqj zlwk wkh qrqvwdwlrqdu| ohyhov gdwd v|n& dqg i|c& = Wr dfklhyh wklv/ +4,
dqg +5, duh riwhq frpelqhg xqghu Kf wr surgxfh d prgho zkrvh ghshqghqw yduldeoh
lv wkh vsrw uhwxuq v|n&  v| dqg zkrvh uhjuhvvru lv wkh iruzdug suhplxp i|c&  v| > dv
lq wkh iroorzlqj htxdwlrq
v|n&  v| @  .  +i|c&  v| , . x|n& =
Uhwxuq2suhplxp uhjuhvvlrqv vxfk dv wklv duh vwxglhg lq Skloolsv dqg PfIduodqg
+4<<9,1 Lw lv vkrzq wkhuh wkdw vxfk uhjuhvvlrqv vxhu vrph pdmru glvdgydqwdjhv lq
frpsdulvrq zlwk +4,1 Iru lqvwdqfh/ wkh| ohdg wr d orzhu udwh ri hvwlpdwru frqyhujhqfh
xqghu wkh qxoo k|srwkhvlv> dqg/ zkhq  9@ 4> wkh ROV hvwlpdwru ri  frqyhujhv lq
suredelolw| wr }hur/ hyhq zkhq wkh iruzdug udwh kdv suhglfwlyh frqwhqw lq wkh ruljlqdo
prgho +lh zkhq  9@ 3 lq +4,,1 Wkxv/ wkh srwhqwldo iru vsxulrxv lqihuhqfh lv kljk lq
vxfk uhjuhvvlrqv dqg lw lv suhihudeoh wr zrun zlwk wkh ohyhov uhjuhvvlrq irupxodwlrq
+4, lqvwhdg1 Lq vrph hduolhu mrlqw zrun +vhh Jrrgkduw hw do1/ 4<<5,/ Sdwulfn PfPdkrq
srlqwhg wr zhdnqhvvhv lq uhwxuq2suhplxp uhjuhvvlrqv dqg xvhg vxevdpsoh hvwlpdwlrq
wr uhyhdo wkh xquholdelolw| ri wkh frh!flhqwv lq wkhvh uhjuhvvlrqv1
4

Zkhq wkh frqwudfw shulrg n h{fhhgv wkh vdpsolqj lqwhuydo +wkh fdvh ri ryhuodsslqj
gdwd,  dv zloo eh wkh fdvh iru gdlo| gdwd  wkh huuru x|n& lq +4, fdq eh h{shfwhg
wr eh vhuldoo| ghshqghqw dqg srvvleo| whpsrudoo| khwhurjhqhrxv1 Pruhryhu/ vlqfh
v| dqg i|n& w|slfdoo| glvsod| vwrfkdvwlf qrqvwdwlrqdulw| lq wkhlu orj0ohyhov irup/ +4,
lqyroyhv qrqvwdwlrqdu| gdwd dv zhoo dv vhuldoo| ghshqghqw huuruv1 Wkh ixoo| prglhg
ohdvw vtxduhv +IPROV, surfhgxuh ri SkloolsvKdqvhq +4<<3, dffrpprgdwhv erwk
wkhvh fkdudfwhulvwlfv ri wkh uhjuhvvlrq prgho +4, dqg wklv lv zk| lw kdv ehhq xvhg
lq uhfhqw uhvhdufk1 Krzhyhu/ olnh doo ohdvw vtxduhv uhjuhvvlrq whfkqltxhv/ IPROV
zdv qrw ghvljqhg wr ghdo vshflfdoo| zlwk gdwd +olnh h{fkdqjh udwhv, zkhuh wkhuh lv
surplqhqw rxwolhu ehkdylru1
Wkh phwkrgrorj| zh xvh lq wklv sdshu wr hvwlpdwh uhjuhvvlrq htxdwlrqv vxfk dv +4,
lv ghvljqhg wr eh vwdwlvwlfdoo| urexvw wr rxwolhu dfwlylw| lq wkh uhjuhvvruv dqg wkh huuruv1
Rxu surfhgxuh lv fdoohg ixoo| prglhg ohdvw devroxwh ghyldwlrqv +IPODG, dqg kdv
wkh vdph urexvw uhjuhvvlrq ihdwxuhv dv wkh ohdvw devroxwh ghyldwlrq +ODG, uhjuhvvlrq
hvwlpdwru +vhh Edvvhw dqg Nrhqnhu/ 4<:;,1 Olnh IPROV/ wkh IPODG hvwlpdwru
dovr fruuhfwv iru hqgrjhqhlw| dqg vhuldo fruuhodwlrq dqg lv wkhuhiruh zhoo vxlwhg wr
iruzdug pdunhw h{fkdqjh prghov vxfk dv +4, zklfk hperg| doo ri wkhvh fkdudfwhulvwlfv1
Wkh dv|pswrwlf wkhru| ri wkh IPODG hvwlpdwru lv ghulyhg lq Skloolsv +4<<8, dqg
wkh hvwlpdwru kdv ehhq vxffhvvixoo| dssolhg wr vrph klvwrulfdo gdwd vhulhv wkdw uhodwh
wr wkh 4<53*v h{shulphqw zlwk rdwlqj h{fkdqjh udwhv +vhh Skloolsv/ PfIduodqg dqg
PfPdkrq/ 4<<9,1 Zh zloo ghvfuleh wkh pdlq ihdwxuhv ri wkh phwkrg khuh lq Vhfwlrq
51
Wkh suhvhqw dssolfdwlrq lv wr gdlo| h{fkdqjh udwh gdwd iru wkh Dxvwudoldq groodu lq
wkh shulrg iroorzlqj wkh qdqfldo ghuhjxodwlrq ri wkh hduo| 4<;3*v1 Wkh gdwd dqg lwv
wlph vhulhv dqg wdlo vorsh fkdudfwhulvwlfv duh dqdo|}hg lq Vhfwlrq 6> prgho vhohfwlrq
h{huflvhv lqfoxglqj vrph uhfxuvlyh frlqwhjudwlrq dqdo|vhv duh frqgxfwhg lq Vhfwlrq
7> rxu hpslulfdo uhjuhvvlrq uhvxowv dqg whvwv ri xqeldvhgqhvv duh uhsruwhg lq Vhfwlrq
8> qrqsdudphwulf hvwlpdwhv ri wkh suredelolw| ghqvlwlhv ri wkh htxdwlrq huuruv dqg
h{fkdqjh udwh uhwxuqv duh frpsxwhg lq Vhfwlrq 9> dqg vrph eulhi frqfoxglqj frpphqwv
duh pdgh lq Vhfwlrq :1

5

IPODG HVWLPDWLRQ DQG WHVWLQJ

Wkh IPODG hvwlpdwlrq surfhgxuh zdv ghyhorshg lq Skloolsv +4<<8,1 Khuh/ zh eulh |
ghvfuleh wkh frqvwuxfwlrq ri wkh IPODG hvwlpdwru/ lwv dvvrfldwhg whvw vwdwlvwlfv dqg
wkh uhohydqw dv|pswrwlf wkhru|1 Lw zloo vx!fh iru wklv h{srvlwlrq dqg rxu lqwhqghg
dssolfdwlrq wr xvh wkh vlpsoh frlqwhjudwhg v|vwhp
|| @   {| . xf|

+6d,

{| @ x%|

+6e,

zkhuh x| @ +xf| > x%| , lv d vwdwlrqdu| p0yhfwru wlph vhulhv +p @ 4 . p% , zlwk vshfwudo
ghqvlw| pdwul{ i +,1 Wkh orqj0uxq fryduldqfh pdwul{ ri x| lv




%

 @ 5i +3, @
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+6,

zkhuh wkh sduwlwlrq lv frqirupdeoh zlwk wkdw ri wkh yhfwru x| 1 Zh dvvxph wkdw
%% A 3 +l1h1/ %% lv srvlwlyh ghqlwh,/ vr wkdw {| lq +6d, lv d ixoo udqn L+4, surfhvv
lq wkh vhqvh wkdw wkh qxpehu ri xqlw urrwv lq wkh vwrfkdvwlf surfhvv {| lv htxdo wr
p% / wkh glphqvlrq ri {| 1 Lq fdvhv zkhuh x| grhv qrw srvvhvv qlwh vhfrqg prphqwv
wkh pdwul{  lq +7, lv qrw zhoo0ghqhg1 Krzhyhu/ lw lv vwloo srvvleoh lq vxfk fdvhv
wr frqvwuxfw d svhxgr orqj0uxq yduldqfh ri x| / dv glvfxvvhg lq Skloolsv +4<<3/ s1 84,/
dqg zh zloo surfhhg dv li wklv kdv ehhq grqh1
Lq IPODG hvwlpdwlrq zh dovr qhhg wr zrun zlwk wkh wudqviruphg huuru y| @
vljq+xf| ,/ dqg zh wkhuhiruh ghqh wkh orqj0uxq fryduldqfh pdwul{ ri z| @ +y| > x%| , dv
%

 @ 5i +3, @


%

%
%%

&

>

zklfk lv sduwlwlrqhg frqirupdeo| zlwk z| 1 Qrwh wkdw y| lv erxqghg dqg kdv qlwh
prphqwv ri doo rughuv1 Exw wklv lv qrw wuxh ri x%| dqg lq fdvhv zkhuh wkh vhfrqg
prphqwv ri x%| gr qrw h{lvw zh pd| djdlq hpsor| d svhxgr0yduldqfh lqwhusuhwdwlrq
ri  1
Wkh ODG hvwlpdwru ri  lq +6d, lv wkh h{wuhpxp hvwlpdwru


 w# @ duj plqiq3 ? ||  {|  j =
q

+7,

Zkhq wkh uhjuhvvruv {| duh {hg wklv hvwlpdwru kdv dq dv|pswrwlf qrupdo glvwulexwlrq
s
dqg lv q frqvlvwhqw iru  lq +6d,1 Zkhq {| lv dq L+4, surfhvv dqg +6e, krogv/ wklv
dv|pswrwlf wkhru| qr orqjhu dssolhv lq jhqhudo1 Lqvwhdg/ wkh ODG hvwlpdwru/ mxvw olnh
ROV/ vxhuv iurp eldv dqg qrq0vfdoh qxlvdqfh sdudphwhu sureohpv hyhq lq wkh olplw
dv q $ 41
Wkh IPODG hvwlpdwru lv ghvljqhg wr dgguhvv wkh gl!fxowlhv wkdw duh hqfrxq0
whuhg e| wkh ODG hvwlpdwru zkloh dw wkh vdph wlph uhwdlqlqj lwv urexvwqhvv ihdwxuhv
zlwk uhjdug wr khdy| wdlohg huuruv1 Dv zlwk wkh IPROV hvwlpdwru/ zh prgli| ODG
wr dffrxqw iru srvvleoh hqgrjhqhlwlhv lq wkh {| uhjuhvvru yduldeohv dqg vhuldo ghshq0
ghqfh lq wkh huuruv1 Wkh IPODG hvwlpdwru lv ghqhg e|
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n
w# @  w#  2 ia+3, +[ [, +[ [  q% , >

+8,

a
zkhuh [  [ @ ? {| {| / [  [ @ ? {| {| / dqg i+3,
lv d frqvlvwhqw hvwlpdwru ri wkh
suredelolw| ghqvlw| ri xf| dw wkh ruljlq1
e n lq +9, lv d frqvlvwhqw hvwlpdwru ri wkh rqh0vlghg orqj0uxq frydul0
Wkh pdwul{ 
%
dqfh pdwul{
n
"
+9,
n
% @ &'f H+x%f y& , >
zkhuh
dqg


y|n @ y|  % 3
%% {| >

+:,

y| @ vljq+xf| , =

+;,

6

n
Wr hvwlpdwh n
% zh qhhg uvw wr hvwlpdwh wkh prglhg huuru y| / dqg wklv lqyroyhv
wkh hvwlpdwlrq ri y| 1 Wr gr vr/ zh uxq d uvw vwdjh ODG uhjuhvvlrq zklfk surgxfhv
xf| ,/ zh frqvwuxfw
wkh huuru hvwlpdwh x
af| @ ||   w# {| 1 Vhwwlqj ya| @ vljq+a

ya|n @ ya|  e % e 3
%% {| >

+<,

xvlqj frqyhqwlrqdo nhuqho hvwlpdwhv ri wkh orqj0uxq fryduldqfh pdwulfhv % dqg %% /
zkhuhxsrq zh fdq hvwlpdwh n
% e| xvlqj d nhuqho hvwlpdwh ri wkh rqh0vlghg orqj0uxq
fryduldqfh ri x%| dqg ye|n +vhh Sdun dqg Skloolsv/ 4<;;, 1 Qrwh wkdw zh fdq zulwh
3
"
"

n
% @ %  %% %% % > zkhuh % @ &'f H+x%f y& ,> %% @ &'f H+x%f x%& ,>
+43,
 % hhfwlyho| lqyroyhv wkh hvwlpdwlrq
vr wkdw wkh hvwlpdwlrq ri $u% @   % 3
%%
ri wkh irxu vxepdwulfhv % / %% / %% / dqg % 1 Rqfh djdlq/ zkhq yduldqfhv duh
lqqlwh zh fdq hpsor| svhxgr0yduldqfh lqwhusuhwdwlrqv ri wkhvh txdqwlwlhv dqg wkhvh
svhxgr0yduldqfhv pd| doo eh hvwlpdwhg lq wkh xvxdo zd| zlwk qlwh vdpsohv ri gdwd1
Wkh dv|pswrwlf wkhru| ri wkh IPODG hvwlpdwru  n
w# lv jlyhq e|



2

3
n
w#    Q 3> +4@5i +3,, $u% +[ [,



+44,

e
e u% @ e   e % e 3
zkhuh $
%% % 1 Khqfh/ Zdog vwdwlvwlfv fdq eh frqvwuxfwhg lq
wkh xvxdo zd| iurp wklv pl{wxuh qrupdo dssur{lpdwlrq wr whvw uhvwulfwlrqv rq wkh
sdudphwhu yhfwru  dqg vxfk vwdwlvwlfv kdyh olplwlqj fkl0vtxduhg glvwulexwlrqv zlwk
ghjuhhv ri iuhhgrp htxdo wr wkh qxpehu ri uhvwulfwlrqv1
Zkhq wkh v|vwhp +6, kdv lqqlwh yduldqfh huuruv/ lw lv vkrzq lq Skloolsv +4<<8,
wkdw +44, vwloo krogv exw zlwk $ u% @  1 Wkxv/ wkh IPODG hvwlpdwru kdv dq
dv|pswrwlf pl{hg qrupdo dssur{lpdwlrq zkhwkhu ru qrw wkh huuru yduldqfhv lq wkh
xqghuo|lqj v|vwhp duh qlwh1 Vr wkh IPODG hvwlpdwru kdv wkh dwwudfwlyh ihdwxuh
wkdw lwv olplw wkhru| lq wkh fdvh ri frlqwhjudwhg v|vwhpv olnh +6, pd| eh xvhg iru
vwdwlvwlfdo lqihuhqfh luuhvshfwlyh ri wkh wdlo wklfnqhvv ri wkh huuruv1 Wklv ihdwxuh pdnhv
wkh hvwlpdwru  n
w# dqg lwv dvvrfldwhg Zdog whvwv yhu| xvhixo lq wkh frqwh{w ri qrq0
vwdwlrqdu| gdwd zlwk khdy| wdlov1

6

WKH GDWD DQG RXWOLHU FKDUDFWHULVWLFV

Wkh gdwd hpsor|hg lq wklv vwxg| frqvlvw ri gdlo| vsrw/ rqh0prqwk iruzdug dqg wkuhh0
prqwk iruzdug h{fkdqjh udwhv iru wkh Dxvwudoldq groodu djdlqvw wkh XV groodu ryhu
wkh shulrg ehjlqqlqj 6 Mdqxdu| 4<;7 dqg hqglqj 5 Dsulo 4<<41 Wkhuh duh 4/;63 re0
vhuydwlrqv lq wrwdo1 Wklv shulrg iroorzv wkh ghflvlrq pdgh lq Ghfhpehu 4<;6 e| wkh
Dxvwudoldq jryhuqphqw wr rdw wkh Dxvwudoldq groodu dqg wr derolvk d pdmru sduw ri
h{lvwlqj h{fkdqjh frqwurov1 Qrw doo h{fkdqjh frqwurov zhuh derolvkhg dw wklv wlph
krzhyhu dqg/ lq sduwlfxodu/ wudglqj edqnv dorqh uhwdlqhg wkh sulylohjh ri ghdolqj lq
vsrw dqg iruzdug h{fkdqjh pdunhwv xqwlo 4<;; zkhq dffhvv wr wkh iruhljq h{fkdqjh
pdunhw zdv jlyhq wr qrqedqn olfhqvhg iruhljq h{fkdqjh ghdohuv e| wkh Uhvhuyh Edqn

7

ri Dxvwudold1 Mxwwqhu +4<<3/ fk1 55, surylghv d uhfhqw klvwru| ri lqvwlwxwlrqdo duudqjh0
phqwv dqg h{fkdqjh udwh uhjlphv lq Dxvwudold dqg wkh uhdghu lv uhihuuhg wr wklv vrxufh
iru ixuwkhu ghwdlov1
Iljxuhv 4 dqg 5 judsk wkh ohyhov ri wkh vhulhv dqg wkh jxuhv vkrz wkh vsrw udwh
+VU, dw w . n +l1h1/ V|n& , djdlqvw wkh wzr iruzdug udwhv +l1h1/ I|c& , iru wkh rqh0prqwk
dqg wkuhh0prqwk frqwudfwv1 Wkh gdwd duh doljqhg vr wkdw wkh vsrw udwh lv vkrzq iru
wkh gdwh zkhq wkh iruzdug frqwudfw pdwxuhv1 Dv lv dssduhqw iurp erwk jxuhv/ wkh
gdwd ehkdyhv dv li wkh| kdyh qr {hg phdq1
00000000000000000000
Iljxuhv 4 dqg 5 derxw khuh
00000000000000000000
Iljxuhv 6 dqg 7 vkrz wkh vsrw udwh dqg iruzdug udwh uhwxuq vhulhv +l1h1/ v| @
oq V|  oq V|3 dqg i|c& @ oq I|  oq I|3 , ryhu wkh vdph klvwrulfdo shulrg1 Erwk
wkhvh judskv vkrz hylghqfh ri vrph odujh rxwolhu dfwlylw|/ hvshfldoo| wkh rqh0prqwk
iruzdug udwh ryhu 4<;<4<<41
00000000000000000000
Iljxuhv 6 dqg 7 derxw khuh
0000000000000000000
Wkh rxwolhu dfwlylw| lq wkh gdwd fdq eh vwxglhg e| hvwlpdwlqj wkh wdlo vorsh sdud0
phwhu + > vd|, ri wkh gdwd glvwulexwlrq/ xvlqj rughu vwdwlvwlf phwkrgv dv h{sodlqhg
lq Skloolsv/ PdfIduodqg dqg PfPdkrq +4<<9,1 Wkhvh phwkrgv uho| rq wkh xvh ri wkh
v odujhvw rughu vwdwlvwlfv ri wkh h{fkdqjh uhwxuqv lq hdfk wdlo1 Wkh fkrlfh ri v fdq
eh gdwd0edvhg +dv ghvfulehg lq Kdoo dqg Zhovk/ 4<;8,/ exw wklv uholhv rq wkh ixuwkhu
dvvxpswlrq wkdw wkh wdlov duh dv|pswrwlfdoo| ri wkh Sduhwr irup dqg fdq eh h{sdqghg
lq srzhuv ri {3k = Zkloh wklv ixuwkhu dvvxpswlrq lv uhvwulfwlyh/ lw grhv hqdeoh xv wr
surylgh hqwluho| gdwd0ghwhuplqhg +ru dgdswlyh, hvwlpdwhv ri wkh wdlo vorsh1 Hvwlpdwhv
dqg dgdswlyh hvwlpdwhv ri  iru rxu gdwd duh jlyhq ehorz lq Wdeoh 41
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Wdeoh 4
Srlqw Hvwlpdwhv ri Wdlo Vorsh Sdudphwhu iru H{fkdqjh Udwh Uhwxuqv
Vhulhv
v
Ohiw wdlo
Uljkw wdlo
73
51849
+316<:, 61:9<
+318<8,
51783
+31679, 61738
+317;4,
83
51547
+31588, 51;5<
+31659,
Vsrw udwh
:8
+31534, 51:74
+315:7,
433 51344
ve
51785 ^8;` +31655, 616:: ^8;` +31776,
73
5178:
+316;;, 51;:;
+31788,
517<<
+31686, 61338
+31757,
83
519;3
+3163<, 5198;
+31639,
40prqwk iruzdug udwh :8
+3157:, 519:7
+3159:,
433 517:4
ve
51994 ^:6` +31644, 5189; ^;6` +315;4,
73
51;::
+31787, 713:9
+31977,
61366
+3175<, 61<58
+31888,
83
51:7:
+3164:, 613:9
+31688,
60prqwk iruzdug udwh :8
+315:9, 613;5
+3163;,
433 51:9<
ve
51;89 ^:3` +31674, 61356 ^:9` +31679,
^ ` @ ve/ dgdswlyh hvwlpdwh ri rughu vwdwlvwlf qxpehu1
+ , @ vwdqgdug huuru ri 
a r1
Wkhuh lv hylghqfh iurp wkh hvwlpdwhv jlyhq lq Wdeoh 4 wkdw vsrw h{fkdqjh udwh
uhwxuqv duh dv|pphwulfdoo| glvwulexwhg zlwk khdylhu ohiw wdlov wkdq uljkw wdlov1 Wkh
ohiw wdlo vorsh frh!flhqw hvwlpdwh 
a r @ 5=785 lv 51;: vwdqgdug ghyldwlrqv iurp wkh
uljkw wdlo vorsh frh!flhqw hvwlpdwh 
a r @ 6=6::1 Wkh dv|pphwu| lq wdlo vorsh lv
dovr dssduhqw iurp wkh judskhg uhwxuq vhulhv vkrzq lq Iljxuh 6/ zkhuh zh vhh odujh
qhjdwlyh rxwolhuv lq 4<;8/ 4<;9/ 4<;< dqg 4<<3 dqg vpdoohu srvlwlyh rxwolhuv iru wkh
vdph |hduv1
Wkh rqh0prqwk iruzdug udwh uhwxuq vhulhv kdv uljkw dqg ohiw wdlo vorsh hvwlpdwhv
wkdw duh pxfk pruh edodqfhg1 Wkhuh lv qr hylghqfh ri dv|pphwu| lq wklv vhulhv1 Exw
wkh vorsh hvwlpdwhv vkrz vwurqj hylghqfh ri wklfn wdlohg glvwulexwlrqv1 Wkh dgdswlyh
hvwlpdwhv 
a r duh pruh wkdq rqh dv|pswrwlf vwdqgdug ghyldwlrq ohvv wkdq 613 dqg pruh
wkdq wzr vwdqgdug ghyldwlrqv ohvv wkdq 61631 Wkh wkuhh0prqwk iruzdug udwh wdlo vorsh
a r @ 6=356 iru wkh uljkw
hvwlpdwhv duh d olwwoh kljkhu +a
r @ 5=;89 iru wkh ohiw wdlo dqg 
wdlo,1 Wkhvh duh vwloo vljqlfdqwo| orzhu wkdq 713/ vr wkdw wkhuh lv grxew zkhwkhu d
qlwh irxuwk prphqw glvwulexwlrq lv dq dssursuldwh prgho iru wkh gdwd dqg vwurqj
hylghqfh lq hdfk fdvh djdlqvw Jdxvvldqlw|1
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PRGHO VHOHFWLRQ/ XQLW URRWV DQG FRLQ0
WHJUDWLRQ

Zh uvw vhw rxw wr qg wkh prvw vxlwdeoh prgho iru hdfk ri wkh vhulhv lq wkh dxwruhjuhvvlyh0
prylqj dyhudjh +DUPD, zlwk ghwhuplqlvwlf wuhqg +Wu, fodvv1 Wklv surfhvv qrw rqo|
khosv wr fkdudfwhul}h wkh wlph vhulhv ihdwxuhv ri wkh gdwd exw dovr hqdeohv xv wr dgguhvv
9

wkh txhvwlrq ri zkhwkhu wkh gdwd lv ehwwhu prghoohg zlwk d ghwhuplqlvwlf wuhqg dqg
zkhwkhu wkhuh lv d xqlw urrw lq wkh prgho1 Rxu phwkrgrorj| lq wklv h{huflvh iroorzv
wkdw ri Skloolsv dqg Sorehujhu +4<<7,1 Vshflfdoo|/ zh vhw xs d jhqhudo uhihuhqfh
prgho lq wkh DUPD+s> t, . Wu+w, fodvv ri wkh irup
3
* |r3 . ^' #  %r3 . | 'f e v . %r >
|r @ |r3 . R'

+45,

iru hdfk vhulhv dqg xvhg wkh prgho vhohfwlrq dojrulwkp ri Skloolsv dqg Sorehujhu
e dqg DUPD rughuv +a
s> ta,1 Wkh
+4<<6, wr hpslulfdoo| ghwhuplqh wkh wuhqg ghjuhh +w,
yhuvlrq ri wkdw dojrulwkp wkdw zh hpsor| khuh pdnhv xvh ri= +l, wkh ELF fulwhulrq
+Vfkzdu}/ 4<:;, wr vhohfw wkh odj rughuv dqg wkh wuhqg ghjuhh> dqg +ll, uhfxuvlyh ohdvw
vtxduhv hvwlpdwlrq ri +4<, dorqj wkh olqhv ri KdqqdqUlvvdqhq +4<;5,1 Lq dgglwlrq/
zh hydoxdwhg wkh prgho wkdw zdv fkrvhq dqg hvwlpdwhg wklv zd| zlwk wkh vdph prgho
hvwlpdwhg zlwk dq dxwruhjuhvvlyh xqlw urrw lpsrvhg1

Yduldeoh +orj0ohyhov,
Vsrw Udwh
40prqwk Iruzdug Udwh
60prqwk Iruzdug Udwh

Wdeoh 5
Prgho Vhohfwlrq
Wuhqg DUPD+s> t, Orqj0uxq DU
ghjuhh
rughuv
frh!flhqw
e
we
sa
ta
d
4
4
4
31<<<
4
4
4
31<<<
4
4
3
31<<<

SLF rggv lq idyru
ri d xqlw urrw
4:98
4886
4:<;

Wkh uhvxowv ri wklv prgho vhohfwlrq h{huflvh duh vkrzq lq Wdeoh 5 dqg Iljxuhv
8091 Wkh fkrvhq wuhqg ghjuhh lq hdfk fdvh lv we @ 4/ vr wkdw d prgho ri wkh irup
+4<, lv vhohfwhg zlwk qr lqwhufhsw ru wuhqg1 Wkh dojrulwkp fkrrvhv dq DU+4, prgho
iru wkh vsrw udwh dqg wkh wkuhh0prqwk iruzdug udwh exw fkrrvhv dq DUPD+4/ 4, iru
wkh rqh0prqwk iruzdug udwh1 Lq wkh odwwhu fdvh wkh wwhg prgho lv +zlwk w0udwlrv lq
sduhqwkhvhv,=
|r @ 3=<<< |r3  3=3;: %r3 =

EDbSfD

E

3

.

S

Wkh prylqj dyhudjh hhfw lv vpdoo/ qhjdwlyh exw txlwh vljqlfdqw lq wklv fdvh1 Wkh
orqj uxq DU frh!flhqw +wkh sdudphwhu d lq prgho +4<,, lv/ lq idfw/ xqlw| wr wkh irxuwk
ghflpdo sodfh/ dv lw lv iru wkh rwkhu vhulhv +dowkrxjk wkh irxuwk gljlw lv qrw vkrzq lq
Wdeoh 5,1 Zkhq wkh dojrulwkp lv uhvwulfwhg wr fkrrvh iurp dxwruhjuhvvlyh prghov wkh
vhohfwhg prgho lv dq DU+5, zlwk wkh iroorzlqj wwhg irup
|r @ 3=<<< |r3  3=3;65 |r32 =

EDb.D

E

3

DSS

Wkh qdo froxpq lq Wdeoh 5 jlyhv wkh ydoxh ri wkh srvwhulru lqirupdwlrq fulwhulrq +SLF,
lq idyru ri d xqlw urrw1 Wkh SLF fulwhulrq lv ghulyhg lq Skloolsv dqg Sorehujhu +4<<7/
e prgho iru |r zlwk wkh DUPD+a
s  4> ta,
4<<8, dqg frpsduhv wkh DUPD+a
s> ta, . Wu+w,
e
. Wu+w, prgho iru |r 1 Lq hdfk fdvh wkh fulwhulrq idyruv wkh prgho zlwk d xqlw urrw
suhvhqw1
:

000000000000000000000
Iljxuhv 809 derxw khuh
000000000000000000000
Iljxuhv 8 dqg 9 jlyh prgho vhohfwlrq judsklfv +iru wkh vsrw udwh dqg rqh0prqwk
iruzdug udwh, zklfk khos wr vkrz krz zhoo ghwhuplqhg wkh vhohfwhg prgho lv lq wkh
jlyhq fodvv1 Ilj1 8 glvsod|v wkh vxuidfh ri SLF ydoxhv djdlqvw dq duud| ri +s> w, ydoxhv
iru dq DU+s, . Wu+w, prgho zlwk s  8 dqg w  41 Vlqfh zh fkrrvh wkh prgho zlwk
wkh kljkhvw SLF ydoxh +l1h1/ kljkhvw olnholkrrg rggv lq lwv idyru, lw lv fohdu iurp Ilj1
8 wkdw +s> w, @ +4> 4, lv txlwh zhoo ghwhuplqhg iru wkh vsrw udwh1 Iru wkh rqh0prqwk
iruzdug udwh/ zh vhh iurp Ilj1 9 wkdw wkh fkrlfh lv +s> w, @ +5> 4,> dqg djdlq wklv lv
txlwh zhoo ghwhuplqhg1
Zh dovr shuiruphg prgho vhohfwlrq h{huflvhv lq yhfwru dxwruhjuhvvlrqv iru mrlqwo|
prghoolqj wkh vsrw udwh dqg iruzdug udwh1 Wkh prgho lv d yhfwru yhuvlrq ri +45, zlwk
qr prylqj dyhudjh frpsrqhqw dqg kdv wkh irup
3
|

|r @ D|r3 . R'
 |r3 .  'f e v . %r > v @ 4> ===> W

+46,

zlwk wkh ohyhov frh!flhqw pdwul{ D wdnlqj wkh srvvleo| uhgxfhg udqn irup
D @   >

+47,

iru fhuwdlq q  u pdwulfhv  dqg  ri udqn u +khuh q @ 5 dqg 3  u  5,1
Zkhq wkh udqn u @ 4 lq +47,/ wkhuh lv frlqwhjudwlrq ehwzhhq wkh frpsrqhqwv ri
wkh lqwhjudwhg wlph vhulhv || 1 Krzhyhu/ vlqfh wkh dxwruhjuhvvlyh odj ohqjwk s lq +46,
lv dovr xqnqrzq d sulrul/ wkh sureohp ri ghwhuplqlqj wkh udqn u fdqqrw eh vhsdudwhg
iurp wkh sureohp ri rughu vhohfwlrq1 Lqghhg/ dv dujxhg uhfhqwo| lq Skloolsv +4<<9,/
wkhuh lv jrrg uhdvrq wr frqvlghu wkh frlqwhjudwlqj udqn dv dq rughu vhohfwlrq sureohp
lq lwvhoi1 Dv vxfk/ lw lv srvvleoh wr wuhdw +u> s, dv d sdlu ri sdudphwhuv zklfk fdq eh
mrlqwo| ghwhuplqhg e| rughu vhohfwlrq whfkqltxhv1 Wklv dssurdfk zdv wdnhq lq wkh
suhvhqw sdshu/ dqg zh frpsxwhg ELF ydoxhv iru dq duud| ri +u> s, ydoxhv iru wkh wwhg
prgho +46, xvlqj wkh irupxod
ELF+u> s, @ oq m e +u> s,m . iq2 +s  4, . 5qu  u2 j oq+W ,@W>

+48,

zkhuh e +u> s, lv wkh uhvlgxdo huuru fryduldqfh pdwul{ iurp d wwhg uhgxfhg udqn uh0
juhvvlrq ri wkh irup +46, zlwk D pdwul{ ri udqn u dqg s dxwruhjuhvvlyh odjv1
Iljxuhv :0; surylgh judskv ri wkh uhvxowv ri wklv mrlqw prgho vhohfwlrq h{huflvh
iru wzr YDU v|vwhpv= rqh zlwk wkh rqh0prqwk iruzdug udwh dqg wkh rwkhu zlwk wkh
wkuhh0prqwk iruzdug udwh1 Lq hdfk fdvh Iljxuh +d, vkrzv wkh vxuidfh ri ELF ydoxhv
iru dq +u> s, duud| zlwk 3  u  5 dqg 4  s  91 +Wkh ELF ydoxh iru dq htxdwlrq
zlwk qr dxwruhjuhvvlyh odj lv vr odujh wkdw lw glvwruwv wkh vfdoh ri wkh vxuidfh dqg lv
wkhuhiruh rplwwhg  fohduo| sa  4,1 Dovr Iljxuh +e, vkrzv d furvv vhfwlrq ri wkh
vxuidfh wr h{klelw wkh ELF ydoxhv iru 3  u  5/ jlyhq wkh fkrvhq dxwruhjuhvvlyh
odj sa1 Iru wkh wzr v|vwhpv/ wkh ELF fulwhulrq +48,/ zlwk +a
u> sa, @ duj plq ELF+u> s,/
ohdgv wr wkh vdph fkrlfh ri ua @ 4/ sa @ 41 Wkh odj ohqjwk vhhpv lq erwk fdvhv wr
;

eh d olwwoh ehwwhu ghwhuplqhg wkdq wkh frlqwhjudwlqj udqn1 Lqwhuhvwlqjo|/ wklv lv wuxh
iru wkh v|vwhp lqyroylqj wkh vsrw udwh dqg wkh rqh0prqwk iruzdug udwh +Iljxuhv :+d,
dqg +e,,/ zkhuh dq DU+5, zdv hduolhu vhohfwhg iru wkh rqh0prqwk iruzdug udwh dv d
xqlyduldwh vhulhv +uhihu wr Wdeoh 5,1
0000000000000000000
Iljxuhv :0 ; derxw khuh
0000000000000000000
Whvwv zhuh frqgxfwhg wr dvvhvv wkh dghtxdf| ri wkh frlqwhjudwlqj uhjuhvvlrq prgho
+4, ryhu wkh vdpsoh shulrg1 Wkh uhvlgxdo edvhg ]@ dqg ]| whvwv ri Skloolsv dqg Rxoldulv
+4<<3, duh uhsruwhg lq Wdeoh 61 Wkh whvwv zhuh frpsxwhg xvlqj= +l, d {hg odj +vhw
dw c @ 43, orqj0uxq yduldqfh hvwlpdwru> +ll, d gdwd0edvhg orqj0uxq yduldqfh hvwlpdwru
edvhg rq wkh DqguhzvPrqdkdq +4<<5, DU suhowhuhg dqg uhfroruhg surfhgxuh> dqg
+lll, wkh gdwd0edvhg orqj0uxq yduldqfh hvwlpdwru ri Ohh dqg Skloolsv +4<<6, wkdw xvhv
DUPD prgho vhohfwhg suhowhulqj dqg uhfrorulqj1 Vlploduo|/ wkh DGI whvwv xvhg d
{hg DU odj ohqjwk +s @ 43, dqg d gdwd0edvhg +ELF, DU rughu vhohfwru sa1 Doo ri wkh
whvwv frqup wkdw wkh uhodwlrqvkls +4, lv frlqwhjudwlqj iru wkh wzr iruzdug frqwudfw
shulrgv/ dowkrxjk wkh hylghqfh lv pdujlqdo lq wkh fdvh ri wkh wkuhh0prqwk uhodwlrqvkls1
Wkh 8( fulwlfdo ydoxhv jlyhq lq Wdeoh 6 duh iurp wkh FRLQW 513 uhjuhvvlrq sdfndjh
+Rxoldulv dqg Skloolsv/ 4<<6,1 Wdeoh 6 dovr lqfoxghv wkh uhvxowv ri wkh Skloolsv dqg
Sorehujhu +4<<7/ 4<<8, SLF xqlw urrw whvw dssolhg wr wkh uhvlgxdov iurp wkh uhjuhvvlrq
+4, iru hdfk fxuuhqf|1 Wklv whvw lqyroyhv d gdwd0edvhg prgho vhohfwlrq surfhgxuh
sulru wr wkh frqvwuxfwlrq ri wkh rggv udwlr1 Wkh rggv lq idyru ri frlqwhjudwlrq duh
7=;  43. = 4 lq wkh fdvh ri wkh rqh0prqwk iruzdug udwh uhodwlrqvkls dqg 41388=4 lq wkh
fdvh ri wkh wkuhh0prqwk iruzdug udwh uhodwlrqvkls1 Wkhvh rxwfrphv fruurerudwh wkh
frqfoxvlrqv ri wkh uhvlgxdo edvhg whvwv/ lqfoxglqj wkh vwurqj +pdujlqdo, frqfoxvlrq lq
wkh rqh0prqwk +wkuhh0prqwk, uhodwlrqvkls1
Wdeoh 6
Uhvlgxdo Edvhg Whvwv ri Frlqwhjudwlrq
G d w d 0ed vh g

c @ 43
]@

ca
]@

40p rqwk Iruz d ug F r qwudf w

 436

60p rqwk Iruz d ug F r qwudf w

5 913< 6

H t xd wlr q

8( fulwlf d o ydoxh v +f y *v,=

]@

G d w d 0e d vh g

G d w d 0ed vh g

c @ 43
]|

ca
]|

s @ 43
DGI

DG I

 ; 9 14 ; 7

 : 16 3 3

 9 19 9 6

 7 1; : 9

 9 18 4 4

 5 5 19 < 3

 6 1: 3 7

 7 15 ; 3

 7 15 ; 3

 6 18 4 5

f y @  4< 19 46 >

]|

sa

S LF r g g v lq idyr u
r i f r lqw h j ud w lr q

 7 1; ;

4 13 8 8

f y @  6 17 9 8

Wr h{klelw wkh hylghqfh lq vxssruw ri wkh frlqwhjudwlqj htxdwlrq +4, ryhu vxesh0
ulrgv/ wkh ]@ whvw zdv frpsxwhg uhfxuvlyho| ryhu wkh klvwrulfdo shulrg vwduwlqj iurp
wkh 433*wk revhuydwlrq1 Wkh uhvxowv iru wkh rqh0prqwk dqg wkuhh0prqwk iruzdug udwh
uhodwlrqvklsv duh vkrzq lq Iljxuhv < dqg 431 Wkh uhodwlrqvkls ehwzhhq wkh vsrw udwh
dqg rqh0prqwk iruzdug udwh lv vwurqjo| vxssruwhg e| wkh qhduo| prqrwrqlf ghfolqlqj
judsk ri wkh ]@ vwdwlvwlf lq Iljxuh <1 Li htxdwlrq +4, krogv dw wklv frqwudfw krul}rq/
<

43.

wklv lv h{dfwo| wkh ehkdylru lq wkh vwdwlvwlf wkdw zh zrxog h{shfw dv wkh vdpsoh vl}h
jurzv dqg pruh lqirupdwlrq rq wkh uhodwlrqvkls dffxpxodwhv/ vlqfh ]@ glyhujhv wr
4 dv wkh vdpsoh vl}h q $ 4 zkhq +4, krogv1
0000000000000000000
Iljxuhv <043 derxw khuh
0000000000000000000
Zh qrwh d vlplodu jhqhudoo| ghfolqlqj ydoxh lq wkh uhfxuvlyh ]@ vwdwlvwlf iru wkh
wkuhh0prqwk iruzdug udwh vkrzq lq Iljxuh 431 Exw wkh hylghqfh lv qrw dv vwurqj
dqg wkh uhfxuvlyh vwdwlvwlf lv pdunhg e| vxeshulrgv/ qrwdeo| plg04<;7 dqg 4<;:
4<;;/ zkhq wkh hylghqfh vkliwhg djdlqvw wkh h{lvwhqfh ri d frlqwhjudwlqj uhodwlrqvkls
ehwzhhq wkh vsrw udwh dqg wkuhh0prqwk iruzdug udwh1 Dv qrwhg hduolhu/ wkh shulrg
4<;:4<;; lqyroyhg vrph ixuwkhu lpsruwdqw ghuhjxodwlrq lq wkh Dxvwudoldq iruhljq
h{fkdqjh pdunhw wkdw dgplwwhg qrqedqn olfhqvhg sduwlflsdqwv wr wkh pdunhw dqg wkh
fkdqjhv ri wklv shulrg pd| zhoo kdyh kdg d ghvwdelol}lqj lq xhqfh rq wkh uhodwlrqvkls
ehwzhhq wkh vsrw dqg iruzdug udwhv ryhu wkh orqjhu frqwudfw krul}rq1
E| wkh hqg ri wkh vdpsoh shulrg wkh hylghqfh lq idyru ri d frlqwhjudwlqj uhodwlrq0
vkls lq erwk fdvhv vhhpv txlwh vwurqj1 Vlqfh wkh wlph krul}rq lv pxfk orqjhu lq wkh
fdvh ri wkh wkuhh0prqwk iruzdug frqwudfw zh zrxog qdwxudoo| h{shfw wkh iruzdug udwh
lq wklv fdvh wr eh d ohvv vdwlvidfwru| suhglfwru/ dv lqghhg lv dssduhqw iurp wkh gdwd
judsklfv lq Iljxuhv 4 dqg 51 Lq dgglwlrq/ zh pljkw h{shfw wkh uhvlgxdo lq htxdwlrq
+4, wr vkrz orqjhu whpsrudo ghshqghqfh lq wklv fdvh1 Wr doorz iru wklv lq wkh fdofx0
odwlrq ri wkh uhfxuvlyh ]@ whvwv/ zh xvhg d gdwd0edvhg orqj0uxq yduldqfh hvwlpdwru/
vr wkdw wkh odj wuxqfdwlrq ru edqgzlgwk sdudphwhu qdwxudoo| dffrpprgdwhg lwvhoi wr
wkh ghjuhh ri whpsrudo ghshqghqfh lq wkh gdwd1 Dovr wkh edqgzlgwk sdudphwhu zdv
vhohfwhg rq d shulrg e| shulrg edvlv lq dq rswlpdo gdwd0edvhg zd| dv wkh uhfxuvlyh
fdofxodwlrqv surfhhghg/ vr wkdw dv wkh vdpsoh vl}h juhz wkh edqgzlgwk sdudphwhu zdv
dgmxvwhg dffruglqjo|1
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Htxdwlrq +4, zdv hvwlpdwhg iru wkh rqh0prqwk dqg wkuhh0prqwk iruzdug frqwudfw
shulrgv e| ROV/ uhgxfhg udqn uhjuhvvlrq +UUU,/ IPROV/ ODG dqg IPODG1 Wkh
uhvxowv duh vkrzq lq Wdeoh 71 Vwdqgdug huuruv/ w0udwlrv dqg Zdog vwdwlvwlfv iru whvwlqj
wkh mrlqw k|srwkhvlv Kf =  @ 3/  @ 4 duh jlyhq lq wkh wdeoh iru wkh IPROV
dqg IPODG surfhgxuhv rqo|1 Qrwh wkdw frqyhqwlrqdo whvwv duh qrw dv|pswrwlfdoo|
ydolg lq wkh fdvh ri wkh ROV dqg ODG hvwlpdwruv ehfdxvh ri wkh qrqvwdwlrqdulw| dqg
whpsrudo ghshqghqfh ri wkh gdwd iru wkh uhdvrqv h{sodlqhg lq SkloolsvGxuodxi +4<;9,
dqg SdunSkloolsv +4<;;,1 Krzhyhu/ wkh ROV dqg ODG frh!flhqw hvwlpdwhv duh erwk
frqvlvwhqw/ hyhq wkrxjk wkh| vxhu iurp vhfrqg rughu eldv/ dqg lw lv wkhuhiruh ri vrph
lqwhuhvw wr uhsruw wkhvh hvwlpdwhv dqg ghwhuplqh wkh lpsdfw ri wkh IPROV dqg
IPODG hvwlpdwru prglfdwlrqv1
43

Wkh pdlq hpslulfdo uhvxowv duh dv iroorzv=
+l, Wkhuh duh elj glhuhqfhv ehwzhhq wkh IPROV dqg IPODG frh!flhqw hv0
wlpdwhv/ hvshfldoo| zlwk uhjdug wr wkh vorsh frh!flhqw 1 Iru wkh htxdwlrq lqyroylqj
n
wkh rqh0prqwk iruzdug udwh zh kdyh  n
w# @ 3=<43 dqg  w5 @ 3=<;3/ zklfk glhu e|
pruh wkdq wkuhh IPODG dv|pswrwlf vwdqgdug huuruv1 Iru wkh wkuhh0prqwk frqwudfw
irxu IPODG dv|pswrwlf
udwh htxdwlrq zh kdyh  n
w5 @ 3=;;6/ zklfk lv pruh wkdq
n
vwdqgdug huuruv juhdwhu wkdq wkh IPODG hvwlpdwh  w# @ 3=:31
WDEOH 7
Hpslulfdo Hvwlpdwhv ri Htxdwlrq +4,
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Qrwh wkdw wkh IPROV hvwlpdwhv duh lq erwk fdvhv pxfk forvhu wr wkh ydoxh  @ 41
Wklv kdv d pdmru lpsdfw rq wkh lqihuuhg vwdwlvwlfdo surshuwlhv ri wkh ulvn suhplxp
s|c& @ i|c&  H| +v|n& , @ +4  ,i|c&    H| +x|n& , =
iru/ li  9@ 4> wklv lpsolhv wkdw wkh ulvn suhplxp s|c& lv qrqvwdwlrqdu|1
+ll, Lq whvwlqj wkh k|srwkhvlv Kq =  @ 4 wkhuh duh vlplodu pdmru glhuhqfhv
ehwzhhq wkh surfhgxuhv1 Iru erwk frqwudfw shulrgv Kq lv fohduo| uhmhfwhg e| wkh
gdwd xvlqj wkh IPODG/ exw qrw uhmhfwhg xvlqj IPROV1 Wkxv/ urexvw uhjuhvvlrq
phwkrgv gr vhhp wr pdnh dq lpsruwdqw glhuhqfh lq lqihuhqfh derxw wklv sdudphwhu1
Wkhuh duh vlplodu glhuhqfhv lq lqihuhqfh zlwk uhvshfw wr 1 Lq whvwlqj Kk =  @ 3/ wkh
IPODG whvwv uhmhfw wkh k|srwkhvlv +vwurqjo| lq wkh fdvh ri wkh wkuhh0prqwk iruzdug
frqwudfw htxdwlrq,/ zkhuhdv wkh k|srwkhvlv lv qrw uhmhfwhg xvlqj wkh IPROV whvw1
+lll, Whvwv ri wkh mrlqw k|srwkhvlv Kf =  @ 3 dqg  @ 4 dovr ohdg wr elj glhu0
hqfhv ehwzhhq wkh surfhgxuhv1 Wkh IP0ODG fkl0vtxduhg whvw vwdwlvwlf lv odujh dqg
vljqlfdqw eh|rqg wkh 314( ohyho iru erwk wkh rqh0prqwk frqwudfw dqg wkuhh0prqwk
frqwudfw htxdwlrqv1 Rq wkh rwkhu kdqg/ wkh IPROV whvw grhv qrw uhmhfw wkh k|0
srwkhvlv Kf 1 Djdlq/ wkh xvh ri urexvw phwkrgv pdnhv dq lpsruwdqw glhuhqfh lq wkh
lqihuhqfhv wkdw duh gudzq iurp wkh uhjuhvvlrq1
44

5 17 ; 8

: 3 1; 6 ;

@

+ly, Orrnlqj dw Wdeoh 7 zh vhh wkdw wkh eljjhvw glhuhqfhv lq wkh uhjuhvvlrq fr0
h!flhqw hvwlpdwhv dulvh ehwzhhq IPROV dqg wkh rwkhu wkuhh surfhgxuhv1 Wkh hq0
grjhqhlw| dqg vhuldo fruuhodwlrq fruuhfwlrqv ohdg wr vxevwdqwldo fkdqjhv lq wkh ROV
e @ 3=9;3 wr  n @ 3=;;6 lq wkh fdvh ri wkh wkuhh0prqwk frq0
hvwlpdwhv/ h1j1/ iurp 
ROV
wudfw htxdwlrq1 Rq wkh rwkhu kdqg/ wkh ODG hvwlpdwh lv 319;4 dqg IPODG hvwlpdwh
lv 31:33/ erwk txlwh forvh wr wkh ROV hvwlpdwh1 Wklv uhyhdov wkdw wkh fruuhfwlrq whupv
lq wkh IPROV surfhgxuh fduu| pxfk pruh zhljkw dqg ohdg wr pxfk eljjhu fkdqjhv
lq wkh hvwlpdwh wkdq wkh| gr iru wkh ODG surfhgxuh1 D srvvleoh h{sodqdwlrq iru wklv
xf| ,/
glhuhqfh lv wkdw wkh ODG fruuhfwlrqv uho| rq wkh uhvlgxdo ixqfwlrq ya| @ vljq+a
zklfk lv erxqghg udwkhu wkdq wkh uhvlgxdo x
af| lwvhoi  vhh irupxod +9, dqg htxd0
wlrqv +:,+44, deryh1 Wkh ODG fruuhfwlrqv duh wkhuhiruh ohvv olnho| wr eh dhfwhg e|
rxwolhuv lq wkh htxdwlrq huuruv wkdq wkh ROV fruuhfwlrqv wkdw ohdg wr wkh IPROV
hvwlpdwh1
+y, Wdeoh 7 dovr jlyhv wkh UUU hvwlpdwhv ri wkh frh!flhqwv iru wkh wzr htxdwlrqv1
Wkhvh hvwlpdwhv duh forvhvw wr wkh IPROV hvwlpdwhv dqg olnh IPROV duh yhu|
glhuhqw iurp wkh urexvw hvwlpdwhv1 Iru wkh wzr htxdwlrqv frqvlghuhg/ wkh UUU
hvwlpdwh ri  lv dfwxdoo| forvhu wr xqlw| wkdq wkh IPROV hvwlpdwh dqg wklv lv
sduwlfxoduo| vr lq wkh wkuhh0prqwk frqwudfw htxdwlrq1 Wkhvh rxwfrphv lqglfdwh wkdw
UUU hvwlpdwlrq lv yhu| vxvfhswleoh wr wkh suhvhqfh ri rxwolhuv lq wkh gdwd1 Wkh uhvxowv
uhsruwhg zhuh rewdlqhg iurp d yhfwru dxwruhjuhvvlrq zlwk vl{ odjv dqg yhu| vlplodu
uhvxowv zhuh irxqg zkhq wkh odj ohqjwk zdv ydulhg iurp s @ 4 wr s @ 531 Vr wkhuh
grhv qrw dsshdu wr eh pxfk vhqvlwlylw| wr odj ohqjwk lq wklv fdvh1
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Xvlqj wkh hvwlpdwhg uhvlgxdov x
af| iurp wkh IPROV dqg IPODG uhjuhvvlrqv/ wr0
jhwkhu zlwk wkh h{fkdqjh udwh uhwxuqv x%| @ {| iru rqh0prqwk dqg wkuhh0prqwk
frqwudfwv/ zh frpsxwhg nhuqho hvwlpdwhv ri wkh suredelolw| ghqvlw| ri xf| dqg x%| 1
D qrupdo nhuqho zdv xvhg lq wkhvh frpsxwdwlrqv lq frpelqdwlrq zlwk d gdwd0edvhg
+soxj lq, rswlpdo edqgzlgwk edvhg rq Vloyhupdq*v +4<;9/ s1 78, uhfrpphqgdwlrqv1
Iljxuhv 4445 judsk wkhvh ghqvlwlhv iru wkh rqh0prqwk iruzdug frqwudfw htxdwlrq1
Iru frpsdulvrq sxusrvhv/ hdfk ri wkhvh jxuhv dovr judskv d Q+3> v2 , ghqvlw| zlwk
af| ru wkh
yduldqfh v2 htxdo wr wkh vdpsoh yduldwlrq ri wkh gdwd +hlwkhu wkh uhvlgxdo x
uhwxuq x%| @ {| ,1 Wkh ohswrnxuwrvlv dqg khdy| wdlohg surshuwlhv duh hylghqw lq hdfk
ri wkhvh qrqsdudphwulf hvwlpdwhv dqg wkhvh ihdwxuhv vwdqg rxw fohduo| djdlqvw wkh
wwhg qrupdo fxuyh1 Wkh khdy| wdlo lv hvshfldoo| pdunhg lq wkh fdvh ri wkh htxdwlrq
huuru ghqvlw| vkrzq lq Iljxuh 441 Vlplodu uhvxowv zhuh rewdlqhg iru wkh wkuhh0prqwk
iruzdug frqwudfw htxdwlrq uhvlgxdov dqg uhwxuq gdwd1
0000000000000000000
Iljxuhv 44047 derxw khuh
0000000000000000000
Lq Iljxuh 44 wkh htxdwlrq huuruv xf| duh hvwlpdwhg xvlqj wkh IPODG uhvlgxdov1
Lq ylhz ri wkh lpsruwdqw glhuhqfhv qrwhg hduolhu ehwzhhq wkh IPODG dqg IP
45

ROV frh!flhqw hvwlpdwhv/ zh wkrxjkw lw xvhixo wr judsk wkh qrqsdudphwulf huuru
ghqvlwlhv edvhg rq wkh IPROV uhvlgxdov dv zhoo1 Iljxuhv 46 dqg 47 judsk wkhvh
huuru ghqvlwlhv djdlqvw wkrvh ri wkh IPODG uhvlgxdov iru hdvh ri frpsdulvrq1 Wkh
uhvxowv duh txlwh uhyhdolqj1 Lq erwk fdvhv wkh IPROV uhvlgxdo ghqvlw| lv qrwlfhdeo|
vnhzhg/ zlwk d prgh wkdw lv vxevwdqwldoo| vkliwhg dzd| iurp wkh ruljlq1 Wkh IP
ODG uhvlgxdo ghqvlw| lv pxfk ohvv vnhzhg dqg lv ehwwhu fhqwhuhg rq wkh ruljlq zlwk
d prgh wkdw lv dfwxdoo| txlwh forvh wr wkh ruljlq1 Wkhvh hvwlpdwhg ghqvlwlhv vxjjhvw
wkdw wkh fruuhfwlrqv lq wkh IPROV surfhgxuh duh lq xhqfhg e| rxwolhuv lq wkh gdwd
dqg uhvxow lq d vnhzhg uhvlgxdo ghqvlw| wkdw frpshqvdwhv iru wkh odujh fruuhfwlrq wkdw
rffxuv lq prgli|lqj ROV wr IPROV1 Rq wkh rwkhu kdqg/ wkh IPODG hvwlpdwh
dqg wwhg uhvlgxdov gr qrw vhhp wr eh vwurqjo| dhfwhg e| rxwolhuv lq wkh gdwd1
Wklv frqfoxvlrq lv fruurerudwhg e| wkh gdwd dqg uhjuhvvlrq olqh sorwv zklfk duh
vkrzq lq Iljxuhv 48 dqg 491 Wkh vfdwwhu sorwv ri wkh gdwd uhyhdo vrph glvwlqfw
rxwolhuv iurp d iruzdug udwh suhglfwlrq prgho ri wkh irup +4,1 Wkh wwhg uhjuhvvlrq
olqhv vkrz krz wkh IPROV frh!flhqwv duh fohduo| lq xhqfhg pruh e| wkhvh rxwolhuv
wkdq IPODG1 Wklv lv hvshfldoo| qrwlfhdeoh lq wkh fdvh ri wkh wkuhh0prqwk iruzdug
frqwudfw uhodwlrq1 Wkhvh jxuhv dovr vkrz wkh uhjuhvvlrq olqhv wwhg e| uhgxfhg udqn
uhjuhvvlrq/ zklfk vhhp wr eh hyhq pruh lq xhqfhg e| rxwolhuv lq wkh gdwd wkdq wkh
IPROV hvwlpdwhv1
0000000000000000000
Iljxuhv 48049 derxw khuh
0000000000000000000
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Wklv sdshu uhsruwv dq hpslulfdo dssolfdwlrq ri urexvw qrqvwdwlrqdu| uhjuhvvlrq wr
wkh Dxvwudoldq iruhljq h{fkdqjh pdunhw ryhu wkh shulrg 4<;74<<41 Erwk rqh0prqwk
dqg wkuhh0prqwk iruzdug h{fkdqjh udwhv duh irxqg wr kdyh vxevwdqwldo suhglfwlyh
frqwhqw iru ixwxuh vsrw udwhv1 Exw/ xqolnh rswlpdo Jdxvvldq uhjuhvvlrq whfkqltxhv/
wkh urexvw uhjuhvvlrq whvwv gr qrw vxssruw wkh k|srwkhvlv wkdw wkhvh iruzdug udwhv
duh xqeldvhg suhglfwruv ri wkh ixwxuh vsrw udwh1 Dgdswlyh srlqw hvwlpdwhv ri wkh wdlo
vorsh ri wkh glvwulexwlrqv ri wkh htxdwlrq huuruv dqg h{fkdqjh uhwxuqv/ wrjhwkhu zlwk
qrqsdudphwulf hvwlpdwhv ri wkh ghqvlwlhv ri wkhvh glvwulexwlrqv doo jlyh vwurqj hylghqfh
ri khdy| wdlov dqg vxssruw wkh xvh ri urexvw/ qrqvwdwlrqdu| uhjuhvvlrq phwkrgv1
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^66` Skloolsv/ S1 F1 E1 dqg Z1 Sorehujhu +4<<9,1 Dq Dv|pswrwlf Wkhru| ri Ed|hvldq
Lqihuhqfh iru Wlph Vhulhv/ Hfrqrphwulfd/ 97/ 6;407461
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^67` Vfkzdu}/ J1 +4<:;,1 Hvwlpdwlqj wkh glphqvlrq ri d prgho/ Dqqdov ri Vwdwlvwlfv/
9/ 7947971
^68` Vloyhupdq/ E1 Z1 +4<;9,1 Ghqvlw| Hvwlpdwlrq iru Vwdwlvwlfv dqg Gdwd Dqdo|vlv1
Orqgrq= Fkdspdq dqg Kdoo1
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